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INTRODUCTION AND SUMMARY
Consider a representation \ : GQ  GLn(F) where GQ is the absolute
Galois group of Q, and F is a finite field of characteristic p. We assume that
\ is absolutely irreducible. Fix a finite set of places S of Q. In [M], Mazur
constructs the universal deformation \univ : GQ, S  GLn(RQ, S), where RQ, S
is the universal deformation ring, associated to the tuple (\, S). The ring
RQ, S is a local Noetherian W(F) algebra (W(F) is the ring of Witt vectors
of F), with residue field F, and \univ is such that modulo the maximal ideal
of RQ, S , it gives the representation \. It is characterised by the universal
property that for any local Noetherian ring A with residue field F, any
deformation of \ to GLn(A), arises from a unique local ring homomor-
phism RQ, S  A which induces the identity on residue fields. We refer to
[M] as the authoritative source for all the details.
The properties of RQ, S as yet remain mysterious. The only cases when
there is a handle on the structure of RQ, S is either when the deformation
problem is unobstructed (i.e., H2(GQ, S , Ad(\))=0), in which case it is a
free power series ring on dimF H 1(GQ, S , Ad(\)) generators over the Witt
vectors of F, or when n=2 and \ is a modular representation (following
the work of Wiles).
But one may ask if some ‘‘relative information’’ can be obtained. For
example one can enlarge the set S to S$ and study the resulting map
RQ, S$  RQ, S . This has been studied in [B] in many cases. The other case
in which there will be a map between ‘‘different’’ deformation rings arises
when we restrict \ to GF, S where F is a number field and S, by abuse of
notation, denotes the places of F above those in S. We assume that FQ is
unramified outside S. We can form the versal deformation ring RF, S and
we obtain a map RF, S  RQ, S (see the next section for more details). It is
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this map, which we will call the base change map, that we propose to
study.
We begin with some basic, easy results in the case when the degree of F
over Q is prime to p. We also present various complements, and study the
base change map from the point of view of generators and relations. In our
earlier paper [K] we showed the relevance of ‘‘base change’’ to the ques-
tion of lifting 2-dimensional mod p Galois representations to characteristic
0. We go on to point out how the results of [K] may be seen from the
perspective of deformation rings. This paper may indeed be viewed as a
sequel to [K].
To end, we would like to point out that in a beautiful, recent preprint
Ravi Ramakrishna (cf. [R]) has proven that under certain technical condi-
tions 2-dimensional mod p representations of GQ lift to representations
over Witt vectors; the methods of [R] are number theoretical, using the
method of auxiliary primes, Tate duality theorems, etc. In contrast, the
methods of both [K] and the present paper are cohomological and have
nothing to do with number fields.
THE BASE CHANGE MAP: BASICS
The first order of business is to explain how the map RF, S  RQ, S comes
about. As we shall fix S in this section, we deem it fit to drop it as sub-
scripts for the deformation rings below: thus, for instance, the ring RF, S
(resp., RQ, S) will be denoted just by RF (resp., RQ).
As recalled above, we have the representation \univ : GQ, S  GL2(RQ)
associated to \, and also the representation \versalF : GF, S  GL2(RF) which
is the versal deformation associated to \ restricted to GF, S . We may, on the
other hand, also restrict \univ to GF, S , to get \univ | GF, S : GF, S  GL2(RQ)
which we will denote by \univ, F. The versal property of RF implies that
there exists a local ring homomorphism , : RF  RQ , such that \univ, F=
, .\versalF , which is the base change map that we are after. We denote the
maximal ideals of RF and RQ by mF and mQ , respectively.
We now study the map ,, assuming that the degree of F over Q is prime
to p. The interest of this special case will become apparent in the next
section.
Lemma 1. The map , : RF  RQ is surjective, assuming that the degree
of F over Q is prime to p.
Proof. This will follow from Nakayama’s lemma provided we succeed
in showing that the induced map on the mod p tangent spaces mFmF2+
( p)  mQ mQ2+( p) is surjective. But the source and target are identified
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with the duals of H1(GF, S , Ad(\F)) and H1(GQ, S , Ad(\)) respectively, and
the induced map is the dual of the restriction map. As the degree of F over
Q is assumed to be prime to p, the restriction map is injective; one way of
seeing this is to observe that the composition res .cores is multiplication by
[F : Q]. This proves the lemma.
Note. As the referee has remarked there are many possible hypotheses,
besides [F : Q] being prime to p, that imply the conclusion of the above
lemma. For instance in the case n=2, p5, if we assume that the image
of \ is GL2(F), that the extension FQ is linearly disjoint from that cut out
by \, and that FQ has no non-trivial abelian subextensions, then from the
vanishing of H 1(GL2(F), Ad(\)) (see Lemma 1.2 of [Fl] for a proof) one
can deduce the injectivity of the restriction map on the corresponding H1 ’s,
implying in turn the surjectivity of the map in the lemma. It may also be
possible to impose other hypotheses on FQ, besides [F : Q] being prime
to p, that imply injectivity of the restriction map H 2(GQ, S , Ad(\)) 
H2(GF, S , Ad(\)), that is used to prove Proposition 2 below.
Denote the kernel of the surjective map , : RF  RQ by I. Then we have
the following proposition.
Proposition 2. The exact sequence
0  II2  RF I 2  RQ  0 (V)
is split, i.e., there exists a local ring homomorphism  : RQ  RFI 2, such
that , . is the identity.
Note. Note that we are abusing notation further by denoting the map
RF I 2  RQ induced by , by the same symbol.
Proof. The exact sequence (V) yields the exact sequence
0  M2(II 2)  GL2(RF I2)  GL2(RQ)  0 (VV)
by applying the GL2 functor. Here M2(II2) is the additive group of 2 by
2 matrices with coefficients in II2, and is thus abelian. The representation
\univ : GQ, S  GL2(RQ) lifts to a representation with values in GL2(RFI 2)
if and only if a certain element # in H2(GQ, S , M2(II2)) vanishes, where
GQ, S is considered to act on M2(II2) via the exact sequence (VV). This is
a basic fact of group cohomology. To be specific we recall that # is the
cohomology class of the cocycle : which is defined by :(g1 , g2)=t(g1 g2)
t(g2)&1 t(g1)&1 where t(g1), t(g2), t(g1 g2) are elements of GL2(RFI2), and
are arbitrary set theoretic liftings of \univ(g1), \univ(g2), \univ(g1 g2), respectively.
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We claim that the restriction of # to GF, S vanishes. Note that we have
at our disposal the representation \versalF : GF, S  GL2(RF) such that , .\
versal
=\univ, F. Reducing \versalF mod I
2, we get a representation that lifts \univ, F :=
\univ | GF : GF  GL2(RQ). This implies that # |GF=0, justifying the claim.
This implies, as the index of GF, S in GQ, S is prime to p, that # itself
vanishes, and thus by the property of # noted above, that \univ lifts to a
representation \~ univ : GQ, S  GL2(RFI 2). By the versal property of RQ , we
get a map  : RQ  RFI 2, such that \~ univ= .\univ (in fact  is then forced
to be unique by the universality of RQ). But from the exact sequence (VV)
we see that , . .\univ=\univ. Thus we see by the universal property of RQ
that the composition , . is the identity map, which finishes the proof of
the proposition.
Remark 3. As the reader can see at a glance, the above proof is
cohomological, and it is not of relevance that we are considering represen-
tations of Galois groups of number fields.
We would now like to study the base change map RF  RQ , (or its
mod p reduction) again under the assumption that the degree of F over Q
is prime to p, with relation to the standard way of presenting deformation
rings (i.e., by generators ‘‘coming from H1,’’ and relations ‘‘from H 2 ’’). This
adds a useful perspective on the problem. Our study is motivated by the
question:
Question 4. Does the map , : RF  RQ split?
(Or its mod p version: Does the map , : RF( p)  RQ ( p) split?).
Proposition 2 may be viewed as an infinitesimal piece of evidence
towards an affirmative answer to this question: it provides the infinitesimal
splitting RQ  RFI 2, with the notation above. Our cohomological method
does not seem to yield a splitting at even the next stage, namely of the map
RF I 3  RQ .
We must confess, though, that aside from this and the proposition
below, we have neither heuristic nor philosophical reasons to hope that the
answer is in the positive.
Note. In fact Deligne, in a letter to the author, has pointed out by
means of an example that one cannot expect an affirmative answer to
Question 4, at least using only generalities of a deformation theory with a
trace map available. Note that in the proof of Proposition 2 we only
needed to use properties of the restriction and trace (i.e., corestriction)
maps in cohomology. We sketch his example: Let X=Spec(C[x, t](x2&t2))
and T=Spec(C[t]), and consider the quotient map X  T resulting from
the Z2 action x  &x on X. We consider the two deformation problems
associated to the two functors:
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(1) Associate to a noetherian scheme S (over C), morphisms to T
with a lifting to X that is fixed by Z2
(2) Associate to a noetherian scheme S (over C), morphisms to T.
These functors are representable and, by the same reasoning as in the proof
of Proposition 2, one does have an infinitesimal splitting of the resulting
map of the corresponding universal deformation rings (explicitly, over
t2=0, we have a splitting associated to x  0, t  = with C[=] the dual
numbers); but it can be seen that there is no global retraction of the universal
deformation rings.
We nevertheless now provide the other small piece of evidence in favour
of an affirmative answer to the above question, that uses the more particular
features that we have in the setting of deformations of Galois representations:
Proposition 5. Let F be a finite Galois extension of a number field K of
degree prime to p, S a finite set of places of K, including all the infinite
places and the places above p. Assume that FK is unramified outside S, and
denote by S the places of F above the places in K. Let / : GK, S  F* be a
character. Let RF and RK be the deformation rings for / (resp., / | GF ) with
respect to the ramification data S (resp. places of F above S, that we are
denoting again by S). Then the map of the associated deformation rings
RF  RK splits.
Proof. This follows from the observation that RF (resp., RK) is iso-
morphic to the completed group algebra of the Galois group of the maximal
abelian pro-p extension of F (resp., K) unramified outside S. We indicate
the argument. Let KS (resp., FS) be the maximal pro-p abelian extension of
K (resp. F ) unramified outside S and denote the Galois group Gal(KSK)
(resp., G(FSF )) by H (resp., G). Then the extension KS K is linearly
disjoint from the extension FK, as [F : K] is prime to p. Thus we have a
surjective homomorphism G  H, that is continuous and open with respect
to the profinite topology of both the groups. This in turn induces a map
of completed group algebras W(F)[[G]]  W(F)[[H]]. The extension
FS K is Galois, as FK is Galois; denote its Galois group by G$. The map
G$  Gal(FK) is split. Consider the commutant in G (which is a normal
subgroup of G$) of a lifting of Gal(FK) and denote it by H$; W(F)[[H$]]
is mapped isomorphically to W(F)[[H]] under the map W(F)[[G]] 
W(F)[[H]]. This proves the proposition.
Generators and Relations
We choose a presentation of RF ( p) and RQ( p) in the following
manner. Let s be the dimension of H1(GF, S , Ad(\F)) as a F-vector space.
Then we can choose a surjective map from 7s=F[[X1 , ..., Xs]] to RF( p)
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which induces an isomorphism on the mod p tangent spaces. Denote the
kernel by J. The composition of this map with , gives a presentation of
RQ ( p) (though this map may no longer induce an isomorphism on
tangent spaces), with kernel say J$. Let m denote the maximal ideal of 7s .
Then we have the exact sequences
0  JmJ  7s mJ  RF ( p)  0
0  J$mJ$  7s mJ$  RQ( p)  0.
By the proof of Proposition 2 in [M], we get maps
Hom(JmJ, F)  H2(GF, S , Ad(\F)) (1)
and
Hom(J$mJ$, F)  H 2(GQ, S , Ad(\)). (2)
The first of these maps, (1), is injective by loc. cit.
We have the following proposition.
Proposition 6. The kernel of (2) above is identified with the kernel of
the natural map (J$mJ$)*  (JmJ)*.
Proof. This follows from the fact that the restriction map H2(GQ, S , Ad(\))
 H2(GF, S , Ad(\F)) is injective, the commutativity of the diagram obtained
by filling in (1) and (2) with the map in the proposition and the restriction
map, and the above quoted facts.
Remark 7. (1) One may choose a more economical presentation on
RQ ( p), i.e., inducing isomorphism on mod p tangent spaces. It will be of
interest to compare these two presentations, the one via RF and the one
inducing an isomorphism on tangent spaces, in studying the above question.
(2) We will see in the next section that if S is assumed to be sufficiently
large we have a map RQ  W2(F) (and a fortiori a map RF  W2(F)). This
is sufficient to ensure (see proof of Proposition 14 below) that we can
choose a surjective map W(F)[[X1 , ..., Xs]]  RF , that induces an iso-
morphism on tangent spaces. Thus assuming that S is sufficiently large, we
could have worked with RQ and RF rather that RQ ( p) and RF( p) above.
Remark 8. Assume that F over Q is Galois with cyclic Galois group 2
of order prime to p. Then RF has the natural action of 2 and it is known
that RQ is the maximal 2 invariant quotient of RF (cf. [H]). In this situa-
tion, by an easy argument, one may see that there is a W(F)-subalgebra of
RF , say R2, on which 2 acts trivially, and whose tangent space has the
same dimension as that of RQ , and which further maps surjectively to RQ .
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Further R2 may be chosen so that the mod I2 splitting has image in R2.
It can also be checked that R2 has a complement ideal which is mapped
to 0 by the base change map. If all this information can be used to produce
a splitting is still not clear.
LIFTINGS
The results of the previous section can be used to put the results of [K]
in a slightly different perspective.
We write down a result which was noted as a remark in [K].
Proposition 9. The class # of the extension
0  M2(F)  GL2(W2(F))  GL2(F)  0
in H2(GL2(F), M2(F)) is a negligible class.
Note. Here W2(F) is the Witt vectors of length 2 of F. By # being negli-
gible, we mean that for any field k and any homomorphism { : Gk  GL2(F)
(where Gk is the absolute Galois group of the separable closure ks of k),
the pullback {*(#) is trivial.
Proof. With notation as above, we must show that {*(#) is 0. In the
case when the characteristic of k is not equal to p, this follows directly from
the proofs of the Proposition and Theorem 1 in [K]. When the charac-
teristic is p, in the proof of the Proposition in [K], we have to make use
of ArtinSchreier extensions (cf., [J, Sect. 8.11]), rather than Kummer
extensions; we omit the details.
We transcribe the above result into the setting of deformation rings.
Thus we consider an absolutely irreducible representation \ : GQ, S 
GL2(F). We take for F the fixed field of the p-Sylow subgroup of the image
of \ (we may assume that the restriction of \ to GF has image in the unipo-
tent matrices). Then the degree of F over Q is prime to p. By Kummer
theory (see the proposition in [K]), we see that if S is large enough, there
exists a map : : RF  GL2(W2(F)). This map is forced to factor through
RF I 2 (in fact through RFm2F). But then Proposition 2 yields that :
induces a map RQ  W2(F), and thus produces a lifting of \ to Witt
vectors of length 2.
Remark 10. It is interesting to remark that the map : above coming
from Kummer theory, and which factors through the the ring RredF , the
deformation ring parametrising deformations into upper triangular
matrices, will not in general factor through RQ . This follows, for instance,
from the fact that if \ is a representation with full image then any lifting
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to GL2(W2(F)) also has full image (for p>5). But the magic of cohomolgy
still yields a map RQ  W2(F), that is induced by : via the splitting of
Proposition 2!
Remark 11. We may ask the question if the class of the extension:
0  Mn(F)  GLn(W2(F))  GLn(F)  0
is negligible for all positive integers n. For n=1 this is trivially true, while
for n=2 we have just proven it. For general n, we haven’t a clue. For
example, consider the ‘‘canonical’’ extension KKGLn (F) with Galois group
Gal(KK GLn(F))=GLn(F), obtained by taking K to be the function field
K=F(X1 , ..., Xn) (with Xi , 1in indeterminates), with the natural
action of GLn(F), and KGLn (F) to be its fixed field. Does this embed in an
extension K$K such that the above exact sequence maps isomorphically to
0  Gal(K$K)  Gal(K$KGLn (F))  Gal(KKGLn (F))  0?
We know this to be true by Proposition 9 for n=2, but even in that case
we cannot construct K$ explicitly.
Remark 12. The methods of [K] do not allow one to assert the exist-
ence of a map RQ  W2(F) without possibly enlarging the ramification
set S. Is this a limitation of the method used in [K], or are there examples
of \ : GQ, S  GL2(F) (with S consisting only of primes at which \ ramifies)
such that \ does not lift to a representation \~ : GQ, S  GL2(W2(F))?
Serre’s conjectures for odd irreducible \ only predict the existence of a lift
to Om2 where O is the ring of integers of a (possibly) ramified extension
of Qp . But note that if O is the ring of integers of a ramified extension of
W(F), then the ring homomorphism Om2  F splits. Thus there always
exists a trivial lift to Om2 (we are thankful to G. Boeckle for this remark);
as once a lift exists the isomorphism class of lifts are parametrised by
elements of H1(GQ, S , M2(F)), there are many lifts.
Remark 13. In fact, as is shown in [K], Kummer theory yields a map
RF  W(F) (which again factors through RredF ), with W(F) the ring of Witt
vectors of F. Therefore if the map RF  RQ were to itself split (as asked in
Question 4), that would yield the existence of p-adic liftings of 2-dimen-
sional mod p representations.
We note another consequence the existence of the map RQ  W2(F) has.
Here, and in the proposition below, the finite set of prime S, that we have
suppressed in the notation, is assumed to be large enough for the map
RQ  W2(F) to exist. Under this assumption we have:
26 CHANDRASHEKHAR KHARE
Proposition 14. If the Krull dimension of RQ ( p) is h1&h2, then p is
not a zero divisor of RQ .
Remark 15. Here hi is the dimension of H i (GQ, S , Ad(\)) as a F vector
space. In [M] it is conjectured that the dimension of RQ ( p) is always
h1&h2.
Proof. We show that, under the hypotheses of the proposition, the
Krull dimension of RQ is greater that that of RQ ( p).
We first claim that there exists a surjective map : : 7 :=W(F)[[X1 , ..., Xh1]]
 RQ of W(F)-algebras that induces an isomorphism on Zariski tangent
spaces. The claim follows from the existence of the map RQ  W2(F) as we
show below.
Denote by m and mQ the maximal ideals of 7 and RQ respectively. Note
that the dimension of mQ m2Q+( p) as a F-vector space is h
1. Choose a
basis x1 , ..., xh 1 of the F-vector space mQ m2Q+( p). The existence of the
map RQ  W2(F) implies that p  m2Q . Thus a basis of the Zariski tangent
space mQ m2Q of RQ is p , x1 , ..., xh1 , where p denotes the image of p in
mQ m2Q . Define : by sending X i to any lift of xi in RQ ; : is surjective by
an application of Nakayama’s lemma. Then as p , X1 , ..., Xh 1 is a basis of
the F-vector space mm2 (where the bar denotes the image in the latter), :
induces an isomorphism of the Zariski tangent spaces; this justifies the
claim.
Now the proof of the proposition proceeds along the standard lines; we
argue just as in the proof of Proposition 2 of [M], that we have used
before (cf. the discussion before Proposition 6). Let J be the kernel of :.
Consider the exact sequence
0  JmJ  7mJ  RQ  0.
From this we can define an obstruction class O(\) # H2(GQ, S , M2(F))
JmJ that measures lifting \univ : GQ, S  GL2(RQ) to GL2(7mJ). The map
f  1 f (O(\)) from Hom(JmJ, F) to H2(GQ, S , M2(F)) is proved to be
injective exactly as in the proof of Proposition 2 of [M], the main point
being that : is so chosen as to induce an isomorphism on tangent spaces.
This shows that the Krull dimension of RQ is (h1+1)&h2, h1+1 being
the Krull dimension of 7. As we are assuming in the proposition that the
Krull dimension of RQ( p) is h1&h2, this finishes the proof.
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